AREE Open Access Library Journal

. 2024, Volume 11, €12052
) X ISSN Online: 2333-9721
ISSN Print: 2333-9705

Further Development of the Fekete-Szego
‘a3 - ,uaf‘-Functional Inequality for Classes of

Analytic Functions Based on Differential
Operators and Subclasses

Ly Van An

Faculty of Mathematics Teacher Education, Tay Ninh University, Tay Ninh, Vietnam
Email: lyvanan145@gmail.com, lyvananvietnam@gmail.com

How to cite this paper: An, L.V. (2024) Abstract
Further Development of the Fekete-Szego
In mathematics, the Fekete-Szeg0 inequality is an inequality for the coefficients

‘a3 - ,ua% -Functional Inequality for Classes

of univalent analytic functions found by Fekete and Szeg6 (1933), related to the

of Analytic Functions Based on Differential . X . L. . .

o . Bieberbach conjecture. Finding similar estimates for other classes of functions
perators and Subclasses. Open Access Li-

brary Journal, 11: e12052. is called the Fekete-Szegd problem. In this paper, I study to solve the Fekete-
https://doi.org/10.4236/0alib.1112052

Szego problem for ‘a3 - yaﬁ‘ -functional inequalities with uis real or complex
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1. Introduction

Suppose that M denote the class of all analytic f (z) in the open unit disk
Q::{kz eC:lkz| <Lk eN\{O}}.

With

M:z{g |g(kz)::kz+ikanz",g:Q—>C}
n=2
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A typical problem in geometric function theory is to study a functional made
up of com-binations of the coefficients of the original function. Usually, there is a
parameter over which the extremal value of the functional is needed. The paper
deals with one important functional of this type: the Fekete-Szego functional. The
classical Fekete-Szego functional is defined by

A#(f)z‘a3—ya§‘,(0<y<1)
and it is derived from the Fekete-Szeg6 inequality. The problem of maximizing
the abso-lute value of the functional x in subclasses of normalized functions is
called the Fekete-Szegd problem. In 1933, Fekete and Szego [1] found the maxi-
mum value of ‘a3 - yaﬁ‘ . as a function of the real parameters g, for functions be-
longing to the class S. Since then, several researchers solved the Fekete-Szegd
problem for various sublasses of the class of S and related subclasses of functions
in A. The mathematicians who introduced the functional. M. Fekete and G. Szegd
[1], were able to bound the classical functional in the class S by
1+ Zexp{_z—’u} >0.
1-u
Later Pfluger [2] used Jenkin’s method to show that this result holds for com-

plex g such that Re {;ﬁ} > 0. Keogh and Merkes [3] obtained the solution of
—H

the Fekete-Szegd problem for the class of close-to-convex functions. Ma and
Minda [4] [5] gave a complete answer to the Fekete-Szego problem for the classes
of strongly close-to-convex functions and strongly starlike functions. In the liter-
ature, there exists a large number of results about inequalities for A, (f) corre-
sponding to various subclasses of A (see, for instance, [1]-[26]).

Suppose E isasubfamily of M consisting of functions that are univalent in

Q. For functions f,heM, Ze. f,h isrepresented as:

f(k2)=kz+ Y ka, 2" (1)

n=2

and

h(lz)=lz+3 Ib,2" D)

n=2

I now define the Hadamard product of f(z) and h(z) as follows:
(f*h)(Z)Z=Z+ianann=(h*f)(2),VZ€Q 3)
n=2

Next I consider the linear operator L defined as follows

L(b,d): M — M:

L(b,d)x f(kz):=G(b,d,z)*f (kz)=zk+§;(((jt))T”4kz”,VZEQ. 4)

In there

b,d € C\{~1,-2,-3,---}.
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= (b
G(bd,z)= z+z()—”‘12”,VZ eQ.
n=2 (d )n—l
(77)n is the Pochhammer symbols defined, < C and in terms of the Euler I'-
function, by

_1“(77+n)_{l if n=0, -

(D ==FG) ~\n(n+D)~(r+n-1) ifnex,

The aim of this paper is to present Lemma 4 to construct an analytic D-function
inequality for the Fekete-Szego problem using a different approach.

The paper is organized as follows:

In section preliminaries I remind some basic notations in [6]-[26] such as The
generalized linear operator, the linear multiplier differential operator D" (77,¢4) f ,
subclass Q(m,n,4,a,b,d).

Section: 3 Stability |a3 - ya22| -functional inequalities for complex parameter

M.
Section: 4 Stability |a3 - ya22| -functional inequalities for real parameter .

2. Preliminaries

Definition 1. The linear multiplier differential operator D™ (7,¢) f was de-
fined as follows:

+ DY(ng)(2)=1(2),
D'(n.4) f (2)=D(n.¢)  (2)=ag?* (1 (2)) +(a-9)2((2))
+(1-a+¢)zf (2),
+ D'(1.4)f(2)=D(n.9)(D*(n.9) f (2)).

+ D"(n.9)f (kz)=D(n.¢)(D"" (m.9) f (k2)),

Inthere 7>¢ and meN

From the definition I lead to consequence

Corollary 1. If f e M then the linear multiplier differential operator
D" (n,¢)f identified as

D" (n.4) f (kz)=kz+ > [1+(ngn+n—¢)(n —1):|m akz".
n=2
Definition 2. The generalized linear operator
L(m,7,¢,b,d): M — M
L(m,n,¢,b,d)x f (kz):=G(b,d,z)*D" (n,¢) f (kz)

=zk+iGm(n,¢)(b)—Hkanz”,VZeQ
n=2 (d)n_l
In there G:‘(77,¢):[1+(77¢n+77—¢)(n—1)]m, n=¢>0, meN and
byd #-1-2,-3-.
Definition 3. Suppose that b,d be a nonzero complex numbers with
b,d#-1,-2,-3, a>¢ and ueC, 0<p<p and MeN.Let 0<py<1.
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A function f eM is given by the following form

f(k)=kz+3 ka7

i=2

is said to belong to subclass f €Q (m, n,¢,a,b,d ) if:

2(L(m 7. 4.b,d) T (k)
L(m.n.4.b.d)f (k)

arg <§a,ZeQ. (6)

Note: This class includes a variety of well-known subclasses of M.
2f'(z
arg L < Ea, 2eQ
f(z) )| 2

et

3. Stability ‘ag - uazz‘ -Functional Inequalities for Complex

For example,

MI(O,U,¢,b,b)={Z€MZ

Ml(O,n,¢,2,1):{f eM:

<Ea,26§2}
2

Parameter u

Let P be the class of all analytic functions

P::{q(z)|q(z)=l+&z+&zz+---,zeQ,neN* Req(z)>0}
n o n

3.1. Condition for Existence of ‘aa - ,ua22 ‘ -Functional Inequalities

Lemma 1. If
q(z)=1+%z+%zz+---,vj,neN* and Vq(z)eP. )
Then
C. .
1) |H<2,j>1,
n
2 2
c, ¢ lc,|
2) R <o M
) n 2n? 2n®

Lemma 2. Suppose that b, dbe a nonzero complex numbers with
b,d#-1,-2,-3--, a>¢ and pueC, 0<y<p and meN.If
f e A(m,n,4,a,b,d) of the form:

f(ke)=kz+3 ke ®)
i=2
Then
. 2a|d|
i/|ay|> 20 ©)
| 2| kG, (’7*¢)|b|
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(2k +1)a?|d||d +1|

K’GY 1 T 2k+a’

/]| < Gy (n.4)|b||b+1] +a
ald]/d +1] .

K°GY (17,¢)|b|jb +1 " 2%k+a’

Proof. weput F(z)=L(m,p,¢,b,d)f(z)=kz+k1,z* +kA,z*+---. Since
F'(kz)
F(x)= (z)) .qeP (10)
Fiky )
on the other hand
z(k+kA,z+kA,2% +-- @
( /122 % - ):(1+&z+c—222+ ) (11)
kz+kA,z° +kA,z7 +--- k k
which implies the equality
kz +kA, 2> + kA2 +--
:kz+(acl+kﬂ,z)z+[a02+a(zk_1)cf+a/?1+kl3j23
Equating the coefficients of both sides we get
ac ac?) 2k+1
Ao == ik = (2 2k1]+ e (12)
Therefore, according to (12) we have
> b
F(z):¢(b,d,z)><Dm(77,¢)f(zk):kz+ZG,§”(ry,¢)((d)T”‘lkanz”
n=2 n-1
i I'(b+n-1)T(d)
k G'(n,¢)————~——ka,z" 13
28 ) () ()
Thus we have
L(b+1)T(d) N
=G, —k =G, (n,¢)—=k 14
k ( ¢) ( )F(b) az 2(77¢)d az ( )
adc,
=— -1 15
% k’bGy (7,9) (13
From Lemma 1, We have
2a|d|
| —— (16)
I ez ()
From (12) and (13), we get
2k 2k ) ak* T
I (b+2)r(d) b(b+1) (7
=Gm , I S =Gm ,
F ) ar2rm) @ % M) gy

So, We obtain
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Ca d(d+1)  (afc, ac?) 2k+1 ,,
Y Gg“(n,¢)b(b+l)[2(k ) w40 (s
< d[|(d +1)| 2_ﬁ++2k+1a|cz| (19)
N2k G (n.g)pl[(b+1) | 2K 2k T
di|(d+1
N (AL CIU R T

3.2. Construct the of ‘a3 - ,uazz‘ -Function Inequality

Theorem 1. Suppose that a, cbe a complex parameters such that
bd=#-1,-2,-3---, a>¢ and pueC, 0<pyp<p and MeN.If
f e A(mn,¢abd), ae(01) and u isacomplex parameter, then

|as _/”azz|
_a |dd+) ax{(4k2 ~1)G2" (7.¢)[b]|(d +1)|+|aQ (G,,u,b,d)|}
K Gy (n.o)b+1) G (n.g)p(d +1)

(21)

In there

Q(G,u,b,d)=(2k+1)G."™ (1,¢)b(d +1)+4kuGy (7.¢)d (b+1)  (22)

Proof. We have

mogre 4@+ [ (o act) 2k+1 p.) &l
T rgpb+n 207 2k ) e T )G (,9)
a  d(d+1) (cz ch+2k+1a2C2 d(d+1)

k 2k) 4k " " GI(n.¢)b(b+1)

2k G (17.4)b(b+1)
a’d?c?
_“ kzbszz”‘(Eln,qj)
23&(&2_0&5}
2k G (7, 4)b(b+1){ k 2k
a’d[(2k+1)G]™ (n,4)b(d +1) - 4kuGy (n,¢)d (b+1)] |
* 4°G" (n,4)G3 (n,4)b? (b+1)

(23)

Thus, we get

Coooa )] e,
g “a2|£2k G;“(n,¢)|b||(b+1)|k2 oK
+a2|d||(2k+1)c3§"‘ (17,4)b(d +1)— 4k uGr" (77,¢)d(b+1)|| |

4G (1,4)GP (n, ¢)|b2||(b +1) '

(24)

By Lemma 3.1 we have
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o2
o %G(f”;dmuﬂq .
o’ [d]|(2k +1)GZ" (7.)b(d +1) - 4kuGy (n.4)d (b+1)], | )
4°G3" (1,4) G5 (n.4)|0? (0 +2) ]
So, I get
dl/(d+1 c? df|(d +1)
vl g |,7H¢§ e t))|+1| L;J |U|L; IE b|+1)|
o’ |d[|(2k +1)G3" (7, ¢)b (d+1) 4kuGy (n,4)d (b+1)] 20
" 4CGE" (7,4) G (77¢|b2||b+1 | |
So
oy #a2|__ ld||(d +1)|
k G (7.4)[o]|(b+1)|
 ald[af(2k )62 (79)b(d +1)-akuE (n )]+ 1)|- G5 (n,¢)b(d+1)]|cz| @7
4G (n,4) Gy (n.4) || |(b+1)| '
Next by (22), I get
|a3 ﬂa2|_ ld||(d +1)|
k GY (7.4)[o]|(d +1)|
ald|[@|Q(G, ub.d)|- ﬂeim(n,¢)ldll(b+1)l]| | .
43G2" (1,0)GP (1, ¢)|b2||(b +1) '
Case 1: If
Q(G, ,b,d)| < uG}" (. 4)[d]|(b+1)
Then from (28) I got the result
d||(d +1)
o~ waf] < ie |77|L IR d|+1| 29)
Case 2: If
Q(G, ub,d)| = 4G2" (. 4)|d]|(b+1)|
o] e L)

k GJ' (1,4)[b]|(d +1)
a|d|[ @|Q(G, 1.b,d)| - G3" (n.4)|d||(0+1)[]
4G (1,4)G3 (1. 4)|b[[(b+1)
4G ol[d]|d +1+d][|«*Q G,y,b,d)| aGy" (1,4)|d]|(b+1)[]
- 4°GI" (n,4)GY (n,4)[b[|(b+1)|
(4 +1)G2"alb|[d]|d +1f+[d][ |*Q(G, b, d) |
- 4°GZ" (17,9)GY (m,4)|0%|[(b+1)

(30)
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4. Construct the of ‘ag - uazz‘ -Function Inequality for Real
Parmerte u

Theorem 2. Suppose that d,be(0,0), ae(0,1], a>¢>0 and meN.If
f e A(mn,dabd),and feM thenfor yeR wehave.

|X3_/Ua22|
a? (2k+1)d (d +1)G;™ (1, ¢) — 4k ud (b+1)G]' (17, 6)
G (17,¢)G." (n,4)b* (b+1)
(ar(2k+1))b(d +1)G" (1,4)
4kad (b+1)G]' (7,4)
ad (d +1)Gy' (,9)
b®(b+1)
” (er(2k+1)-1)d (d +1)GZ" (1,¢) < s (a(2k+1)+1)d (d +1)G;" (n.4)
4kadGy (n7,4)G." (n,4)b? (b+1) ~ "~ 4kadGy (n,4)G." (n,4)b* (b+1)’
ad (4kp+1)d (b+1)Gy (17,¢)—(2k +1)b(d +1)G." (1,9)
G (1.4)G;" (m.¢)b° (b+1)
o (a(2+1)-1)d (A +1)G]" (n.9)
4kadG] (1,¢)G." (1,¢)b* (b+1)’

if u<

l

IN

Proof. To prove Theorem 3.4 I consider the following cases:
Case 1:
Suppose that
(a(2k+1)-1)d (d+1)G3" (n.4)
4kadG] (7,4)GZ" (n,9)b? (b+1) *

From (27) I have

a  d(d+1)

k Gy (7,4)b(b+1)

Lo [((2k+1)-1)G}" (1,4)b(d +1) - 4k uGY (77,¢)d(b+1)]| |
4GI" (1,4) G5 (m,4)[b%|[(b-+1) '

2
|a3—/1a2|£

(31)
By lemma 1 with ‘Cf ‘ <2 Iget
oo a d (d +1)
s s <7 GY (m.¢)|b][(b+2)]
(32)

Lo [(@(2k+1)-1)G}™ (n,4)b(d +1)-4kuGy (n,¢)d (b+1)]
kGZ™ (1,4)G (7, ¢)|b2||(b +1)

Now I prove the case 2
Case 2:

(a(2k +1)-1)b(d +1)GZ" (,9)
4kadG] (17,¢)G;" (n,4)b* (b+1)

<u
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(31) I have

a 22l <& d(d+1)
R Y P R
ad | 4k uaGid (b+1)—(a(2k +1)-1)G;" (7,4)b(d +1) |
" 4G (1,4)GP (1, ¢)|b2||(b +1)
L d(d+1)
"k GY (m.4)]o||(b+1)|

cf| 33)

Next I prove the case 3

Case 3:

(2k +1)b(d +1)G2" (17.)
4kadG; (1, ¢)

J7

in this case I put
Q(G,u,b,d)=4kuGy (17,4)d (b+1)—(2k +1)G."™ (n,4)b(d +1)  (34)
Next from (27) I have
o d (d +1)
k G (. 4)o]|(b+1)|
ad[ 4k uaGid (b+1)—(a(2k +1)-1)G;" (n,4)b(d +1)]| |
+ 1
4G (1,0)GP (n, ¢)|b2||(b +1)
(35)

2
|a3—yaz|s

Next continue to apply Lemma 1, T get

o*d [ 4kuGJd (b+1)—(2k +1)G3" (,¢)b(d +1) |
4G (1,4)G5 (1. 4)[o°[|(b+1)

Case 4: Continue to apply the above inequality, I have

- (2k+1)b(d +1)G;" (n,4)
~ 4kad (b+1)G; (7.9)

|a3 - ya§| < (36)

Form (35), I have
)« d(d+1
Pl )
ad [ 4kpaGd (b+1)—(a(2k+1)-1)G;" (n,4)b(d +1)|
’ 4CGE (1,9)67 (m#)p*[(0+1)
d(d+1)
G5’ (17,4 o][(b+1)
So the complete theorem 4.1 proves.
Corollary 2. Suppose that d,be(0,), ae (O,l] , a2¢=0 and meN,

2| 37

<Z
k

pzeR and

0ca< (2k+1)b(d +1)G;" (1.9)
"~ dkad (b+1)G] (7.4)

(38)
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If

then

f e A(mn,4,abd),
f:-U>C
k
f(kz)=kz+> kaz' (39)
i=2
ad (d +1)

|a3|—|a3| < 4kab(b-|-l)Ger,n (771¢)

5. Conclusion

In this article, I have presented Lemma 1 to prove the existence of functional ine-

qualities involving complex and real parameters (of the |a3 - ,ua22| -functional in-

equalities for complex parameter x and |a3 - ya22| -functional inequalities for

real parameter ).
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